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Abstract

FINAL TECHNICAL REPORT
OFFICE OF NAVAL RESEARCH
NONLINEAR WAVES AND INVERSE SCATTERING

BY

MARK J. ABLOWITZ
GRANT #N00014-90-J-1218

JANUARY 29, 1992

Research in Nonlinear Waves and Inverse Scattering is continuing with many new and

interesting results obtained. In this report a summary of the key areas of research is given and a
list of research publications and preprints has been compiled. The main areas of interest include:

multidimensional nonlinear wave equations of physical significance, multidimensional inverse
scattering, numerically induced instabilities and chaos, and forced nonlinear wave problems.
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Summary of Research Activities

During the past 2 years we have had a very productive period in our research activities.
There has been a total of 15 papers published, 8 preprints which either have been accepted or have
been submitted for publication, and the PI has given 15 invited lectures all during the term of this
research grant. In addition a monograph coauthored by the PI has just been published by
Cambridge University Press summarizing the state of knowledge in this field today. A list of
papers is attached to this report. The broad lines of our research investigations and brief discussion
of the results are given below. Detaiis may be found in the research papers.

Physically Significant Multidimensional Nonlinear Equations-Solutions
and Inverse Scattering

We have been studying a class of multidimensional nonlinear evolution equations which
can be solved by the method of the Inverse Scattering Transform (IST). Important equations
include the Kadomtsev-Petviashvili (K-P), Davey-Stewartson (D-S), 2+1 Toda, and Self-Dual
Yang-Mills (SDYM) equations. We have uncovered a number of interesting and important features
associated with each of these equations. In the K-P equation we have established the particular
form of nonlocal behavior that is needed in order to be able to solve the equation in infinite space
with decaying initial data. For D-S we show how boundary data in a governing physical problem
in which D-S is embedded as an asymptotic limit, fixes the correct boundary value problem for
D-S. Both of the above equations: K-P and D-S are nonlocal and as such allow some freedom
which requires proper analysis. For the 2+1 Toda system we have solved the appropriate initial
value and boundary value problems by the DBAR method. The DBAR method was conceived as
part of this grant eight years ago and has been employed by researchers world wide, ever since
publication. The 2+1 Toda equation requires a combination of nonlocal Riemanr.-Hilbert and
DBAR methods for its solution. The application of these ideas to solve boundary value problems
is significant and new.

Since the 2+1 Toda system is discrete in one of its variables, we have consequently been
able to apply the DBAR method to a partially discrete system. This paves the way for us to
understand the inverse scattering analysis of other important discrete multidimensional systems.

Our studies of the SDYM system has demonstrated that reductions of SDYM result in well
known soliton systems, classical integrable top-like systems as well as novel types of integrable
systems such as the system of ODE's discovered by Halphen in the 1880's which may be '
transformed to an equation studied by Chazy (1910). The Chazy equation has a movable natural
boundary in the complex plane and consequently extends the type of behavior usually found in
integrable systems such as movable poles found in equations of the Painleve type. We have been
able to find new partial differential equations which have reductions to the Halphen and Chazy
equations and as such will have complicated behavior.

Numerically Induced Instabilities and Chaos

This avenue of research was begun by us in 1989 and has led to a number of important
research results. We have shown that different numerical discretizations of various integrable




equations, (e.g. the Nonlinear Schrodinger Equation) can lead to very different results depending
on values of the mesh size. Depending on the numerical scheme employed, we have observed
instabilities and chaotic structure. For sufficiently refined mesh size, all the schemes eventually
converge and yield consistent results and the chaos and instabilities disappear. There are deep
connections between these systems and the still burgeoning field of low dimensional chaos.
Indeed these problems can be analyzed in great detail and yield insight as to how large degree of
freedom systems can isolate particular degrees of freedom which generate the chaotic structure.
Since the underlying equations and numerical schemes are of a Hamiltonian nature, it tumns out that
there are also important connections with symplectic numerical integrators which have been
intensively studied during the past few years. We have been able to find the rate at which the
chaotic structure "disappears" as the mesh is refined. Our symplectic integrators have chaotic
structure which disappears exponentially fast as compared with the usual numerical schemes in
which the chaos disappears at an algebraic rate-- of the order of the consistency of the numerical
scheme.

Forced Nonlinear Wave Equations

In recent work we have studied nonlinear equations with forcing. The forcing typically
takes the form of an external or parametric driver. In the externally forced problem we have
analyzed the Burger's equation with delta function forcing and have shown how to solve the
problem by both semi-infinite and infinite line methods. In the parametric forced problem we have
investigated a Nonlinear Schrodinger type equation with time independent parametric forcing. It
turns out that the bound states of the associated linearized Schrodinger system correspond to the
travelling wave modes (solitons) which do not decay as time increases. The remaining part of the
solution decays in time. We have recently analyzed a general physical system and have found a
new Hamiltonian amplitude equation which governs modulated unstable wave systems. All of the
above equations serve as prototypes of more general behavior in nonlinear wave equations and
arise frequently in application.
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